Abstract. We prove that the chromatic Ramsey number of every odd wheel W 2k+1 , k ≥ 2 is 14. That is, for every odd wheel W 2k+1 , there exists a 14-chromatic graph F such that when the edges of F are two-coloured, there is a monochromatic copy of W 2k+1 in F , and no graph F with chromatic number 13 has the same property. We ask whether a natural extension of odd wheels to the family of generalized Mycielski graphs could help to prove the Burr-Erdős-Lovász on the minimum possible chromatic Ramsey number of a n-chromatic graph.
Introduction
The chromatic Ramsey number R χ (G) of a graph G is the smallest possible chromatic number of a graph F such that whenever the edges of F are coloured in red and blue, there is a copy of G in F whose edges all have the same colour. Chromatic Ramsey numbers were introduced in 1976 by Burr, Erdős and Lovász [2] , who gave a lower bound for R χ (G) in terms of χ(G), the chromatic number of G.
Theorem 1.1 ([2]). R χ (G) ≥ (χ(G) − 1)
2 + 1.
They conjectured that this bound is the best possible bound of this type, in the following sense.
Conjecture 1.2 (Burr-Erdős-Lovász).
For every integer n, there exists a graph G n such that χ(G n ) = n and R χ (G n ) = (n − 1) 2 + 1.
The conjecture is trivial for n = 1, 2. For n = 3, the validity of the conjecture is witnessed by the 5-cycle. In [2] and [12] , the validity of the conjecture is established for n = 4 and 5, by producing witnesses of cardinality 10 In this paper, we discuss the possibility that the validity of the conjecture be witnessed by much smaller examples. The size of the current examples is related to the original support for the Burr-Erdős-Lovász conjecture, namely a conjecture on the chromatic number of a categorical product of graphs, which turned out to be an independent formulation of a conjecture made by Hedetniemi [3] ten years earlier.
With time, Hedetniemi's conjecture has come to stand out as a notoriously difficult problem. On the other hand, there has not been much reseach into chromatic Ramsey numbers of specific graphs or classes of graphs, hence no research on the Burr-Erdős-Lovász conjecture that is independent of Hedetniemi's conjecture.
Our concrete results in Section 3 give the chromatic Ramsey numbers of the odd wheels, which are arguably the simplest 4-chromatic critical graphs. In Section 4, we present the class of generalized Mycielski graphs, and ask whether some of these meet the bound in the Burr-Erdős-Lovász conjecture. The question is related to variations on Hedetniemi's conjecture, which are perhaps more hopeful than the original.
Preliminaries
The chromatic Ramsey number of a graph can be computed by a terminating algorithm, using a characterisation based on graph homomorphisms. A homomorphism from a graph G to a graph H is an edge-preserving map from the vertex-set of G to that of H. We call H a minimal homomorphic image of G if G admits a homomorphism to H but to no proper subgraph of H. Let Hom(G) be the set of minimal homomorphic images of G.
is the smallest integer n such that if the edges of K n are coloured in red and blue, then G admits a homomorphism into a monochromatic subgraph of K n . Equivalently, it is the Ramsey number of the family Hom(G).
In particular, for every integer n, Hom(K n ) = {K n }, hence R χ (K n ) is the n-th Ramsey number R(n). Therefore for every n-chromatic graph G, we have K n ∈ Hom(G), whence R χ (G) ≤ R(χ(G)); this is an upper bound for the chromatic Ramsey number of a graph in terms of its chromatic number. On the other hand, for every n, K (n−1) 2 can be expressed as a red sum of n − 1 blue copies of K n−1 . Both colour classes then span graphs with chromatic number n − 1. Therefore if
2 . This is the proof of Theorem 1.1, that is, a lower bound for the chromatic Ramsey number of a graph in terms of its chromatic number.
If Conjecture 1.2 holds for n, then there exists a graph G n such that χ(G n ) = n and for every red-blue labelling i : E(K (n−1) 2 +1 ) −→ {red, blue} of the edges of K (n−1) 2 +1 , we can select a monochromatic subgraph F i such that there exists a homomorphism φ i : G n −→ F i . Combining all these homomorphisms coordinatewise, we get a homomorphism
where m is the number of red-blue colourings of the edges of
F i onto its factors are homomorphisms into monochromatic subgraphs of all red-blue labellings of the edges of
2 + 1. In other words, if G n witnesses the validity of the Burr-Erdős-Lovász conjecture for n, then so does χ(Π m i=1 F i ). The validity of the Burr-Erdős-Lovász conjecture for a given n can be established by a finite search for a n-chromatic graph among all the candidates of the form Π 
For every red-blue labelling i of the edges of
F i witnesses the validity of the Burr-Erdős-Lovász conjecture for n. This approach has been followed in [2, 12] to prove the Burr-Erdős-Lovász conjecture for n = 4, 5. Both results use partial results on Hedetniemi's conjecture, involving products where the factors have a large clique number. However, since the Ramsey numbers of complete graphs are exponentially large, it is unlikely that these partial results can be applied to prove many more cases of the Burr-Erdős-Lovász conjecture. Nonetheless, it is possible that the bounds are met by much smaller graphs. Of course, the Burr-Erdős-Lovász conjecture is intrinsically linked to specific instances of Hedetniemi's conjecture. So the study of specific classes of graphs may indicate what type of partial results on Hedetniemi's conjecture could lead to significant progress on the Burr-Erdős-Lovász conjecture. The case of odd wheels is presented in the next section. In the concluding section, we present problems about generalizations of odd wheels involving generalized Mycielskians.
The chromatic Ramsey number of odd wheels
For an integer n ≥ 3, the n-wheel W n is the graph obtained by connecting all the vertices of a n-cycle to a new vertex called the hub of W n . In particular, W 3 is the complete graph K 4 and we have χ(W 3 ) = 4, Hom(W 3 ) = {W 3 } and R χ (W 3 ) = R(4) = 18. For n even, we have χ(W n ) = 3, Hom(W n ) = {K 3 } and R χ (W n ) = R(3) = 6 (see [2] ). The non-trivial odd wheels W 2k+1 , k ≥ 2 satisfy χ(W 2k+1 ) = 4 and Hom(W 2k+1 ) = {W 2 +1 : 1 ≤ ≤ k} (since a homomorphic image of a (2k + 1)-cycle must contain an odd cycle). In particular, the sequence {R χ (W 2k+1 )} k≥1 is nonincreasing, bounded below by 10. We will see that it stabilises at R χ (W 5 ) = 14.
Lemma 3.1. Let λ be a red and blue colouring of the edges of K n with no monochromatic K 4 or W 5 . If a vertex x is adjacent to 7 vertices through blue edges, then these vertices span an induced blue C 7 (i.e., with all edges inside the cycle being red).
Proof. Consider the blue subgraph H induced by the seven vertices adjacent to x by blue edges. If H is bipartite, then one of the partite sets must contain at least four vertices. These four vertices form a red K 4 , a contradiction. Hence, H must contain an odd cycle. A 3-cycle or a 5-cycle produce a blue K 4 or W 5 with x, respectively, another contradiction. Hence we have an induced 7-cycle with all edges inside the cycle being red. Lemma 3.2. In a red and blue colouring of the edges of K n , if there is a vertex incident with 8 edges of the same colour, then K n contains a monochromatic K 4 or W 5 .
Proof. Suppose we have a 2-colouring λ of E(K n ) such that the vertex x ∈ V (K n ) is incident with 8 edges of the same colour (say blue). Now suppose, for a contradiction, that λ does not contain a monochromatic K 4 or W 5 . Then by Lemma 3.1, the neighbourhood H of x through blue edges spans a blue C 7 with all edges inside the cycle being red. Let y ∈ H be the vertex not in C 7 and consider the edges from this cycle to y. If there are two consecutive vertices in the cycle that connect to y with blue edges, then these two vertices, together with x and y form a blue K 4 , a contradiction. This means there are at most three blue edges from C 7 to y, and these edges are all non-consecutive. In turn, we must have at least three non-consecutive vertices adjacent to y by red edges, forming a red K 4 , another contradiction. Therefore, K n contains a monochromatic K 4 or W 5 .
It follows immediately from Corollary 3.2 that R χ (W 5 ) ≤ 15, since if every vertex in a 2-colouring of E(K 15 ) were incident with exactly 7 blue edges and 7 red edges, then the blue and red subgraphs would be 7-regular graphs on an odd number of vertices, which is impossible.
Proof. Suppose, for a contradiction, that there exists a red-blue colouring of K 14 that does not contain a monochromatic K 4 or W 5 . By Corollary 3.2, every vertex in K 14 must be incident with exactly 7 edges of one colour and 6 edges of the other. Put A = {x ∈ V (K 14 ) | x is incident with 7 blue edges}, B = {x ∈ V (K 14 ) | x is incident with 7 red edges}.
By Lemma 3.1, if a vertex x is in (say) A, then x is the hub of a blue W 7 with red complement. The vertices of the blue 7-cycle in this W 7 are shared between A and B. If two adjacent vertices of this 7-cycle are in A, then A contains a blue triangle. Otherwise three nonadjacent vertices of this 7-cycle are in B, whence B contains a red triangle.
Without loss of generality, we can therefore assume that A contains a blue triangle with vertices x, y, z. Let X, Y, Z be the blue copies of W 7 with hubs x, y and z respectively. Any two of these copies of W 7 intersect in exactly 4 vertices, and the three copies intersect in the three vertices x, y, z. Therefore the union of X, Y and Z contains 15 vertices, a contradiction.
Proof. For every k ≥ 2, we have R χ (W 2k+1 ) ≤ R χ (W 5 ) ≤ 14 by Lemma 3.3. We now describe a red-blue colouring of E(K 13 ) with no odd wheels. Let H be the graph with vertex set V = Z 13 , and edges ij such that i − j is a non-zero quadratic residue modulo 13. Thus, H is the Cayley graph Cay(Z 13 , {1, 3, 4, 9, 10, 12}) depicted below. By inspection, we see that the neighbourhood of 0 is bipartite. Since H, as a Cayley graph, is vertex-transitive, this implies that the neighbourhood of every vertex is bipartite. Therefore H does not contain an odd wheel. Furthermore, since the generating set {1, 3, 4, 9, 10, 12} consists of the non-zero quadratic residues in Z 13 , H is a "Paley graph", and these are well known to be self-complementary (see [1] ). Therefore the complement of H does not contain an odd wheel either. Thus we can colour the edges of K 13 in blue when they belong to H, and in red when they belong to the complement of H, and we get a red-blue colouring of K 13 without monochromatic odd wheel.
Note that R χ (W 3 ) = R(4) = 18; as in the proof of Theorem 3, it is the Paley graph on 17 vertices that extablishes the lower bound. In [7] , it is shown that the Moser's spindle has chromatic Ramsey number between 11 and 13. Therefore there are at least four numbers that are chromatic Ramsey numbers of 4-chromatic graphs: 10, 14, 18 and an additional value between 11 and 13. It is not known whether the chromatic Ramsey numbers of 4-chromatic graphs satisfy the "interpolation property", in the sense that they contain every value between the minimum of 10 and the maximum of 18.
Generalized Mycielski graphs and the support for the Burr-Erdős-Lovász Conjecture
Define the Burr-Erdős-Lovász function BEL by
The Burr-Erdős-Lovász conjecture states that BEL(n) = (n − 1) 2 + 1, while the only general upper bound known is BEL(n) ≤ R(n), which is exponential. It would be desirable to close the embarassing gap and at least prove that BEL(n) is bounded above by a polynomial in n, by finding either a strong enough partial result on Hedetniemi's conjecture, or finding a class of graphs with tractable chromatic Ramsey numbers giving better bounds.
With this in mind we introduce the class of generalized Mycielski graphs. For k ≥ 1, let P k be the k-path with vertices labeled successively 0, 1, . . . , k, with an additional loop at the vertex 0. The k-Mycielskian (or k-cone) over a graph G is the graph M n (G) obtained from G × P n by identifying all vertices whose second coordinate is n. In particular, M k (K 2 ) is the odd cycle C 2k+1 . Let M 3 be the class of odd cycles. The graphs M 1 (G), G ∈ M 3 are the odd wheels, and by Theorem 3, they all have chromatic Ramsey number 14, except for K 4 which has chromatic Ramsey number 18. At this point we note that M 2 (K 3 ) also has chromatic Ramsey number 14: We have W 5 ∈ Hom(M 2 (K 3 )) whence R χ (M 2 (K 3 )) ≤ R χ (W 5 ) = 14. The lower bound is provided by a different Cayley graph, namely Cay(Z 13 , {1, 2, 4, 9, 11, 12}). The next graphs to consider are the Grötzsch graph M 2 (C 5 ) and the graph M 3 (K 3 ). Both of them are 4-chromatic, and it is possible that one of them has a chromatic Ramsey number of 10, achieving the bound in the Burr-Erdős-Lovász conjecture.
More generally, for an integer c ≥ 4, define
The graphs c≥3 M c can be called generalized Mycielski graphs, as they form an extension of the sequence introduced by Mycielski [6] . The graphs in M c are all c-chromatic.
